Abstract-Multi-tier cellular networks are considered as an effective solution to enhance the coverage and data rate offered by cellular systems. In a multi-tier network, high power base stations (BSs) such as macro BSs are overlaid by lower power small cells such as femtocells and/or picocells. However, cochannel deployment of multiple tiers of BSs gives rise to the problem of cross-tier interference that significantly impacts the performance of wireless networks. Multicell cooperation techniques, such as coordinated multipoint (CoMP) transmission, have been proposed as a promising solution to mitigate the impact of the cross-tier interference in multi-tier networks. In this paper, we propose a novel scheme for Location-Aware Cross-Tier Cooperation (LA-CTC) between BSs in different tiers for downlink CoMP transmission in two-tier cellular networks. On one hand, the proposed scheme only uses CoMP transmission to enhance the performance of the users who suffer from high cross-tier interference due to the co-channel deployment of small cells such as picocells. On the other hand, users with good signal-tointerference-plus-noise ratio (SINR) conditions are served directly by a single BS from any of the two tiers. Thus, the data exchange between the cooperating BSs over the backhaul network can be reduced when compared to the traditional CoMP transmission scheme. We use tools from stochastic geometry to quantify the performance gains obtained by using the proposed scheme in terms of outage probability, achievable data rate, and load per BS. We compare the performance of the proposed scheme with that of other schemes in the literature such as the schemes which use cooperation to serve all users and schemes that use range expansion to offload users to the small cell tier.
I. INTRODUCTION

D
EPLOYMENT of multi-tier networks is an attractive solution to satisfy the ever-increasing users' demand for higher data rates and network coverage. Unlike traditional single-tier networks, multi-tier networks consist of different classes of base stations (BSs) such as femto base stations and pico base stations. These BSs operate simultaneously in the Fig. 1 . A two-tier cellular network with a macrocell and a picocell where the range of cooperation is defined by a positive threshold. While each of User 1 and User 2 is served by only one BS that results in the maximum received power from any of the two tiers, User 3 is connected to more than one BS-one BS from each tier that results in the maximum received power from that tier.
same geographical area and differ in transmit power, coverage range, and spatial density [1] . However, with co-channel deployment of multiple network tiers, cross-tier interference degrades network performance in terms of coverage and throughput. For example, macro users located in the close vicinity of a small cell may be victimized by transmissions to small cell users. The concept of cooperation has been proposed as one solution to address the interference problem [2] , [3] . For example, coordinated multipoint (CoMP) transmission (also referred as network MIMO) is one form of cooperation in which multiple BSs communicate with each other to cancel out the interference and improve the overall system performance by jointly transmitting the users' data concurrently [4] - [7] . In CoMP, BSs use backhaul links to exchange users' data and/or control information where these links are capacity-limited in practice and affect the performance of the wireless system [8] .
Multicell cooperation solutions such as CoMP could be effective to mitigate the effect of cross-tier interference in multi-tier networks. For example, in the two-tier macrocellpicocell network shown in Fig. 1 , although the power received at User 3 from the serving macro BS is higher than that of the interference resulting from the closest pico BS, the interference power from the closest pico BS can be comparable to the useful signal power which results in a low value of signalto-interference-plus-noise ratio (SINR). Therefore, the macro BS can cooperate with the interfering pico BS to serve User 3 jointly. This will not only eliminate the strongest interference signal, but also increase the useful received signal power by taking the advantage of the user's proximity to that interferer thus improving the SINR. However, using cooperation might be unnecessary in some cases. For example, in Fig. 1 , the useful signal power received at User 1 and User 2 from the serving macro BS and pico BS, respectively, is sufficiently higher than the power received from the strongest interferer, i.e., the pico BS for User 1 and the macro BS for User 2. For these two users, the gain of cooperation may not be high compared to the costs of joint processing and using the backhaul network to exchange users' data especially when the capacity of the backhaul links is limited.
In this paper, to improve coverage and throughput in a twotier macrocell-picocell network, we propose a novel locationaware cross-tier cooperation (LA-CTC) scheme in which macro BSs and small cells can cooperate to serve a user jointly only if the user suffers from high interference due to the deployment of pico cells. This user is then referred to be served in CoMP mode. Otherwise, if the power received from the interfering BS at the user is not high enough to cause severe interference, direct link transmission is used to serve the user without cooperation and the user is referred to be served in non-CoMP mode. Note that the main focus of this work is on mitigating the effect of cross-tier interference.
As shown in Fig. 1 , we define a region around the picocell in which a user is served by CoMP transmission; otherwise, the user is connected directly to one BS, i.e., macro BS or pico BS. That is, when the ratio of the received power from the macro BS at any user to the received power from the pico BS exceeds a predefined threshold (greater than 1) 1 , this implies that the useful signal is sufficiently higher than the interference, and thus, cooperation is unnecessary and the user (e.g., User 1) is served by the macro BS only. On the other hand, if the ratio is less than the predefined threshold and still greater than 1, cooperation is beneficial since the interference power is comparable to the useful signal power (e.g., for User 3). Finally, if the ratio is less than 1, the user (e.g., User 2) is directly connected to the small cell since the small cell is stronger than the macro cell in this case.
The main motivation of the proposed scheme is to provide better coverage in multi-tier networks while considering the limitation of the backhaul network. For example, assume a macrocell-picocell network where each macrocell has p randomly-located pico BSs within its coverage area. Since cooperation in the LA-CTC scheme is only possible between BSs belonging to different tiers, only p backhaul links per macrocell are required to enable cooperation between a macro BS and pico BSs in its coverage (a star-connected backhaul network). Now consider another scheme where cooperation is also allowed between BSs belonging to the same tier. In this case both macro and pico BSs are required to exchange user's data in order to perform joint transmission (a fully-connected mesh backhaul network). For example, when cooperation is limited between pico BSs within the same macrocell, this needs p 2 backhaul links to connect any two pico BSs. In addition, each macro BS should be able to exchange users' data with at least its first q neighbors as well as the p pico BSs in its coverage. In total, at least 0.5p 2 + 0.5p + q backhaul links are required to enable cooperation between the BSs. Although the latter scheme offers a better coverage when compared to the LA-CTC scheme, only p backhaul links are needed for the LA-CTC scheme. Therefore, with the LA-CTC scheme, there is a significant saving in the number of backhaul links when the number of pico BSs per macrocell is large.
Note that other techniques, such as range expansion (also referred as flexible cell association), have also been proposed to improve the performance of multi-tier networks and balance the load for all tiers. For example, in a two-tier network with range expansion, users from the macro-tier are offloaded to the small cell tier, where the association to the small cells is biased. That is, a positive bias factor is added to the power of the pilot signals of the small cell base stations to convince the macro users who are close to a small cell coverage boundary to connect to that small cell even if the power received from the macro BS is stronger than that received from the small cell base station [9] , [10] , [12] .
We analyze the performance of the proposed LA-CTC scheme for downlink transmission in a two-tier cellular network. We use tools from stochastic geometry to model the network where the locations of the BSs in each tier are distributed according to a two-dimensional independent homogeneous Poisson Point Process (PPP) [11] . Each tier of BSs is characterized by its available transmit power, intensity, and path-loss exponent value. In order to evaluate the performance of the proposed scheme, we derive closed-form expressions for the outage probability and data rate. Furthermore, we use our analytical model to derive expressions for outage probability for the range expansion scheme, the scheme with full cooperation where all users are served by cross-tier coordinated CoMP transmission, as well as the traditional scheme where neither cooperation nor range expansion is used. The performances of the different schemes are compared in terms of outage probability, average achievable data rate, and load per BS. The results show that the proposed cooperation scheme outperforms the traditional range expansion scheme for multi-tier networks in terms of both outage and data rate, while it has higher load per BS. Compared to the full cooperation scheme, the proposed scheme reduces the amount of users' data exchange over the backhaul network as measured by the load per BS. In addition, the outage performance of the proposed scheme approaches that with full cooperation for a wide range of values of cooperation threshold.
The contributions of the paper can be summarized as follows:
• We propose a novel user-centric location-aware cross-tier cooperation (LA-CTC) scheme that uses CoMP transmission for users who experience high levels of interference power compared to the power level of the useful signal received from the serving BS. We define a range of interference power based on which the transmission mode (i.e., CoMP or non-CoMP transmission) is decided by each user individually.
• We use stochastic geometry to evaluate the performance of the proposed scheme in terms of the outage probability, average rate, and load per BS as our key metrics. We compare the proposed scheme with other schemes such as the range expansion scheme, full cooperation scheme, as well as a non-cooperative scheme in which a user is served by the strongest BS only. The derived expressions are in the closed-integral form.
• We analyze the performance of the different schemes under different system parameters by varying the BS intensities, path-loss exponents, cooperation range, and required SINR thresholds. Then, we highlight the insights obtained from the analysis and show the impact of the aforementioned parameters on the network behavior.
• We show that the proposed LA-CTC scheme is promising for improving the network outage and achievable spectral efficiency while considering the load of macro BSs. Furthermore, we show that the performance of the LA-CTC scheme lies in the middle between the performance of the traditional range expansion-based networks and full cooperation networks.
The rest of this paper is organized as follows. A review of the related work is presented in Section II. The system model, different modes of operation of the users, probability of a user to operate in a certain mode, as well as the distance analysis for the users in different modes are presented in Section III. In Section IV, the outage probability and ergodic rate are obtained for the users in different modes. Finally, the performance evaluation results are presented in Section V and the paper is concluded in Section VI.
II. RELATED WORK
Previous works on multi-tier networks and multicell cooperation can be divided into two general groups. In the first group, statistical modeling techniques, such as stochastic geometry, are used to analyze network performance and obtain statistically-optimal decision parameters [11] - [17] . In the second group, instantaneous optimal decisions are obtained by using the instantaneous information of the network based on some objective function [18] - [21] . Note that the statisticallyoptimal parameters might not be optimal on a short timescale, however, obtaining instantaneous optimal parameters costs more signaling and computations.
In [11] the authors provide a general framework to analyze and evaluate the performance of a cellular network with K tiers of BSs. In this model, independent PPPs are used to capture the randomness of the locations of BSs as well as the differences in transmit power, propagation environment, and BS spatial density. In addition, analytical expressions for outage probability, achievable data rate, and load per BS are obtained. In [12] , the model is extended where the association to different tiers is biased (range expansion). It shows that range expansion degrades the overall network performance in terms of outage and rate. On the other hand, in the context of multicell cooperation, the authors in [13] propose two clustering schemes for CoMP transmission in multi-tier networks where clustering is performed on a per-user basis and the performance is evaluated in terms of outage probability. It is assumed that the backhaul network is ideal and the number of cooperating BSs in each cluster is constant. While the first clustering scheme forms a group of N BSs which results in the reception of the N strongest signals at the receiver, the second clustering scheme selects the N closest BSs to the receiver where one BS is chosen from each tier.
In [14] , the authors propose a cooperation scheme to mitigate the co-tier interference for single-tier networks in which a usercentric decision criterion is used to decide whether to be served with or without cooperation. The decision is based on the distance between the user and her first two neighboring BSs and some decision parameters. All BSs are assumed to be able to exchange users' data to perform joint transmission with power splitting. The authors use stochastic geometry to investigate the effect of limited channel state information (CSI) at the transmitter. The authors in [15] propose another clustering scheme for single-tier networks where the clusters are formed in a random manner by grouping the BSs that lie in the same Voronoi cell of an overlaying PPP with low intensity. In this paper, BSs that belong to the same cluster cooperate to nullify the interference by exchanging the CSI data. In [16] , the authors use stochastic geometry to evaluate the impact of the overhead delay on the performance of CoMP transmission in multitier networks where with zero-forcing beamforming (ZFBF) as a precoding scheme. In [17] , a macrocell-femtocell network with single macro user and macro BS is considered where all femto BSs are cognitive. To mitigate the cross-tier interference, the macro user is assumed to generate a busy tone such that femto BSs defer their transmissions if the received power is greater than a predefined threshold. The authors use stochastic geometry to obtain the outage probability and average data rate.
The authors in [18] derive closed-form expressions for the bias factor of range expansion in a picocell-macrocell network for downlink and uplink. Furthermore, a cooperative scheduling scheme between macro and pico BSs is proposed to mitigate the effect of high interference in the expanded regions where simulations are used to evaluate the network and the proposed scheme. In [19] , a game-theoretic approach is used to study the impact of the backhaul constraints on the performance of femtocell networks with CoMP transmissions. A cooperative game is formulated such that each femtocell chooses the cooperation strategy and exchanges users' data to its cooperative partner over either wired or wireless backhaul. The objective of the proposed game is to balance the tradeoff between the achievable spectral efficiency and delay. The authors in [20] and [21] use fractional programming to obtain the optimal power, channel, and precoding coefficients allocation for CoMP transmissions in single-tier and two-tier cellular networks, respectively. In both works, the optimization problem aims at maximizing the energy efficiency (bit/Joule) under co-tier or cross-tier interference, power budget, and backhaul link capacity constraints.
To the best of our knowledge, the concepts of cross-tier BS cooperation along with location-aware BS cooperation, which are introduced in this paper, have not been explored previously in the literature. 2 Note that, earlier we proposed a similar location-aware BS cooperation scheme for single-tier cellular networks in [20] to mitigate the effect of the co-tier interference.
III. SYSTEM MODEL AND ASSUMPTIONS
A. Two-Tier Cellular Network Model
We consider downlink transmission in a two-tier macrocellpicocell network where both tiers are independent with different spatial densities, path-loss exponents, and transmit powers. BSs belonging to the same tier i ∈ {1, 2} have the same transmit power P i . Locations of BSs in the ith tier are modeled according to a two-dimensional homogeneous PPP Φ i ∈ R 2 with spatial intensity λ i . The users are spatially distributed according to some independent stationary point process Φ u ∈ R 2 (e.g., a homogenous PPP) with intensity λ u which is assumed high enough (compared to λ 1 ) such that each BS has at least one user to serve. For statistical analysis, without any loss of generality, we consider a typical user at the origin [22] . During a transmission interval, a user served by a macro BS and/or a pico BS in a particular channel will experience interference from the other macro BSs and pico BSs. However, there will be no intra-cell interference assuming that different users in a cell are served using orthogonal time-frequency resources (e.g., OFDMA). Different macrocells and picocells can use the same channels (i.e., a co-channel deployment scenario is considered). All transmitters and receivers are equipped with a single antenna.
Without loss of generality, Fig. 2 shows a realization of a two-tier cellular network where a macrocell network tier (or macro-tier) is deployed as tier 1 and overlaid with a denser and lower power picocell network tier (or pico-tier) as tier 2. For a generic point y ∈ R 2 , we define x i as the BS belonging to the ith tier that results in the strongest long-term average received power at this point. That is,
where different path-loss exponents {α i } i=1,2 are used for downlink modeling at each network tier and · denotes the Euclidean distance.
B. Mode of Operation and User Association: Location-Aware Cross-Tier Cooperation
Based on the received power from each tier, each user independently chooses its mode of operation through or without cooperation. In this context, we define two modes of operation: non-CoMP and CoMP transmission modes. In the non-CoMP mode of operation, the user is connected to the BS that results in the maximum long-term average received power regardless of the corresponding network tier, i.e., macro-tier or pico-tier. In the CoMP mode of operation, the user is served by two BSs that cooperate with each other to jointly transmit data to this user. In this mode, one BS is selected from each tier based on the maximum received power at the user. That is, the users are split into three disjoint groups: non-CoMP macro users, nonCoMP pico users, and CoMP users.
To elaborate, if the received signal power from the strongest BS at the user is sufficiently higher than that received from the highest interferer, the user operates in the non-CoMP mode since the cooperation between the serving BS and this interfering BS is not necessary in this case. On the other hand, if the received signal power at the user from the strongest interfering BS is comparable to the useful signal power received from the strongest BS, the user operates in the CoMP mode. In this case, the network takes advantage of the proximity of the interfering BS to the user and makes it to cooperate with the user's serving BS to jointly transmit data to the user. This not only mitigates the effect of the highest interferer, but also increases the power level of the useful signal.
We define B as the set of BSs that serve a typical user, which can be written as follows:
where
is the distance from the typical user to the strongest BS in the ith tier. β is cooperation threshold which represents the ratio between the powers received from the serving macro BS and the strongest pico BS, respectively. This threshold defines the level of cross-tier interference beyond which the user switches to the CoMP mode. That is, if the strongest interference power received from the pico-tier P int at some macro user is in the range (1/β)
, this user switches its mode to be served via cooperation.
As shown in Fig. 1 , User 1's received power from the macro BS is stronger than that from the pico BS plus the threshold (dB) and User 2's received power from the pico BS is stronger than that from the macro BS. Therefore, User 1 and 2 operate in the non-CoMP mode where they are associated with the macro BS and pico BS, respectively. On the other hand, although User 3's received power from the macro BS is higher than that from the pico BS, the received power from the pico BS plus the threshold (dB) is higher. Therefore, User 3 operates in the CoMP transmission mode where it is connected to both the BSs.
For the proposed LA-CTC scheme, cooperation threshold β is an important design parameter and plays a key role in controlling the gains obtained by using this scheme. That is, the higher the cooperation threshold, the larger is the cooperation region which improves the overall system performance while increasing the amount of data exchange over the backhaul network as well as the load per BS. On the other hand, the lower the cooperation threshold, the smaller is the cooperation region which reduces the backhaul signaling between BSs and the load per BS while sacrificing some overall performance gain in terms of outage and data rate.
C. Distance Analysis
Let q M , q P , and q C denote the probability that a typical user is in non-CoMP mode and served by the macro BS (i.e., non-CoMP macro user), in the non-CoMP mode and served by the pico BS (i.e., non-CoMP pico user), and in the CoMP mode, respectively. Conditioned on each event, in the following lemma, we derive the probability density functions (PDFs) of the distance between a typical user at the origin and its serving BS(s) in the different modes of operation.
For a typical user in the CoMP mode, we denote by f R C (r) the joint PDF of the distances between the typical user and its two serving BSs x 1 and x 2 , i.e., macro BS and pico BS, respectively. For a non-CoMP macro user, we denote by f R 1 (r) the PDF of the distance between a macro user and its serving macro BS x 1 . Finally, f R 2 (r) is the PDF of the distance between a non-CoMP pico user and its serving pico BS x 2 .
Lemma 1: The PDFs of the distances between a typical user and its serving BS(s) are
where r 1 ∈R + and (
, and
Proof: See Appendix A. For the special case when α 1 = α 2 = α, q M and q P can be expressed in a closed-form as
Furthermore, it can be seen that when the cooperation threshold β is set to 1 (no cooperation), the probability that a typical user operates in the CoMP mode reduces to zero, i.e., q M + q P = 1. That is, a user associate only with the strongest BS in terms of received power.
IV. ANALYSIS OF OUTAGE PROBABILITY AND AVERAGE RATE
In this section, we characterize the SINR for downlink transmission to a typical user in different modes of operation. Then, we derive closed integral-forms for the outage probability and ergodic rate of downlink transmission for the proposed LA-CTC scheme.
A. SINR Analysis
Based on the mode selection criteria in (2), the received signal power at a typical user can be written as
where h i,0 and g j,i are the small-scale fading coefficients for the links between the typical user and the serving and interfering BSs, respectively. {h i,0 , g j,i } ∼ CN (0, 1) are i.i.d. circular complex Gaussian random variables. That is, |h i,0 | and |g j,i | are Rayleigh-distributed random variables, the channel power envelope is exponentially-distributed as Exp (1), and the phase shift in uniformly distributed in [0, 2π]. X and Y j,i are two zero-mean and unity-variance random variables that represent the jointly transmitted data by set B of the serving BSs and the data sent by the interfering BSs, respectively. Z ∼ CN (0, σ 2 z ) is the additive white noise at the receiver. No CSI is assumed at BSs and that the channel coherence time is greater than or equal to the frame duration.
Note that, ideally, the interference signals received at a user are dependent since interferers could be cooperating as well. However, as can be seen in (10) , Y i,j s are independent. The rationale behind this assumption is as follows. Given that two BSs (at distance z 1 and z 2 from a location y) are cooperating and interfering to a certain user located at y, we know that: (a) the received interference power from two cooperating BSs is | √
, (b) the received interference power is assumed to be | √
, and (c) the outage probability is a decreasing function of the Laplace transform of the interference (see Appendix B). Hence, L actual (s) ≥ L assump (s) and the independence assumption gives a lower bound on the outage probability. Thus, the received SINR at a typical receiver is given by
Note that in (11), the effect of the user's mode of operation is reflected in B. That is, different modes of operation lead to different levels of the useful signal power (higher/lower) and aggregate interference power (lower/higher).
To show the important role that the proposed mode of operation plays in improving the level of the received SINR at the typical user, we consider the following scenario. Considering the no-cooperation case (i.e., when β = 1) and the cell association based on the strongest signal power regardless of the BS tier, the serving BS x is selected as follows:
In this case, macro users, who are close to the boundaries of the deployed pico cells' coverage, experience high interference, and consequently low SINR. In the proposed scheme, these users are likely to change their mode of operation to use CoMP transmission instead of single cell transmission. The proposed scheme increases the power level of the useful signal and reduces the total interference power by forcing the strongest interferer to cooperate with the original transmitter. The reduction in the interference power level along with the increase of the useful signal power enhances the received SINR at the CoMP user.
B. Outage Probability
Using the instantaneous SINR given in (11), we can obtain the outage probability O of the overall system. Here, outage probability is defined as the probability that the received SINR 3 The received power from any two cooperating BSs is exponentiallydistributed. More details about the distribution are given in Appendix B. 4 After the assumption, the received power from any two cooperating BSs becomes a sum of two independent exponentially-distributed random variables with different means which is equivalent to a hyperexponential random variable with mean θ 1 + θ 2 and variance θ 2 1 + θ 2 2 .
is less than a predefined threshold τ . Note that τ is a design parameter and it is chosen to satisfy certain quality-of-service requirements of users. We denote by O M , O P , and O C the outage probability of a randomly located user conditioned on its mode of operations, i.e., non-CoMP macro user, non-CoMP pico user, and CoMP user, respectively. For example, the outage probability of a randomly located user given that it operates in the non-CoMP macro mode is obtained by
Since the three modes, i.e., non-CoMP macro mode, nonCoMP pico mode, and CoMP mode, are mutually exclusive, the overall outage probability in the network can be obtained by using the law of total probability as follows:
where q M , q P , and q C are given in Lemma 1. The following theorem gives the outage probabilities for a typical user under different modes of operation.
Theorem 1:
The outage probabilities for a typical user given that this user operates as a non-CoMP macro user, or as a nonCoMP pico user, or as a CoMP user are
where A is defined in (34), f R 1 (r), f R 2 (r), and f R C (r) are given in Lemma 1, and
Proof: See Appendix B. Theorem 1 provides general closed integral-form expressions for the outage probabilities for a randomly located user. Note that the function F(y, α) can be evaluated numerically. Furthermore, in some special cases F(y, α) reduces to simple closed-form expressions (see Appendix C). The expressions in Theorem 1 can be used to obtain the performances for some special cases by varying β, α i , and cross-interference mitigation scheme.
In the following, we introduce three main schemes, namely, range expansion (RE), full cooperation (FC), and two-tier network with strongest BS association and no cooperation (Tr) schemes, which will be compared to our proposed scheme.
1) Non-Cooperative Two-Tier Cellular Network With Range Expansion (RE):
RE is a non-cooperative scheme in which the association to the pico-tier is biased such that some macro users are offloaded to the strongest pico BS even though the received power from this pico BS is less than that from the macro BS, hence, the range of the picocell is expanded. To elaborate, in Fig. 2 , the cooperation regions of our proposed scheme become a part of the pico BSs' coverage areas and users in these regions become pico users. In other words, it can be seen that RE offloads each CoMP user to its strongest pico BS where these users switch to the non-CoMP mode. That is, the positive bias to the pico-tier association becomes β. Note that, β refers to both cooperation threshold of LA-CTC scheme and bias factor of RE scheme depending on the context. For the described scheme, according to Theorem 1, the outage of the macro-tier (as given in (15)) remains unchanged, where the outage of the pico-tier can be obtained as in the following corollary.
Corollary 1 (Range Expansion):
In the special case of a noncooperative two-tier network with a biased association to the pico-tier, the outage probability of a randomly located pico user is given by
in which L I j (·) is given in Theorem 1 with a ij = β j−i and q
We follow the same proofs as in Appendix B and Appendix A, respectively, while replacing P 2 by βP 2 .
Hence, the overall outage probability of RE is given by
where O M is given by (15) , and q
RE P
= q P + q C where q P and q C are given in Lemma 1.
In this case, the closest interferer from the macro-tier to a typical pico user is at least at a distance of (P 1 /βP 2 ) 1/α 1 r
instead of r 2 . That is, the macro BS corresponding to which the received power at the pico user is the highest is considered as the closest interferer. Furthermore, for the pico user in the expanded picocell coverage area, cf. Fig. 2 , the highest interference signal from the macro-tier is even higher than its useful signal received from the serving pico BS. This means that the SINR of this user is less than 1. This implies that the RE scheme degrades system performance compared to our proposed scheme.
2) Fully-Cooperative Two-Tier Cellular Network (FC):
In this scheme, any typical user, regardless of its location, connects to the strongest BS from each tier, i.e., all users operate in the CoMP mode. The outage probability in this case is provided in the following corollary.
Corollary 2 (Full Cooperation):
In the special case of a fully-cooperative two-tier cellular network, the overall outage probability of the network is given by
where f R j (r j ) is given in (32) and L I j (·) is given in Theorem 1.
Proof: We use the fact that the BS with the strongest received signal at the typical user from the ith tier is the nearest BS to this typical user among all BSs in this tier. That is, the distance to the strongest BS is Rayleigh distributed, i.e., f R j (r j ) = 2πλ j r j exp[−πλ j r 2 j ] and the joint PDF of the distance is the multiplication of the two distributions because of the independence between the two random variables. By plugging the PDF of the distance in (43) and following the proof of O C in Appendix B, we obtain the results in (21) where q C = 1 and q M = q P = 0.
In this case, the closet interferers from the macro-tier and the pico-tier to any user is at least at a distance of r 1 and r 2 , respectively. Hence, the performance of all users is improved and the overall outage performance is better compared to the LA-CTC scheme, however, this enhancement comes at the expense of the overhead due to data exchange between the two cooperating BSs.
3) Interference-Limited Traditional Two-Tier Cellular Network (Tr):
In this case, each user associates with the strongest BS from any tier as defined in (12) . The outage probability can be obtained from Theorem 1 as in the following corollary.
Corollary 3 (No Cooperation With Strongest BS Association):
In the special case of a two-tier cellular network when each user associates with the BS that results in the highest average received power, the total outage probability simplifies to
where the network operates in the interference-limited regime and α 1 = α 2 = α. Proof: By using the results in Theorem 1 and substituting α 1 = α 2 = α, β = 1, and σ (15) , q C = 0, and q M and q P are as given in (9) . Then, the overall outage probability is obtained as in (22) .
In this scheme, the closest interferer from the pico-tier to a typical macro user is at least at a distance R 1 compared to
in the case of LA-CTC scheme. That is, the strongest interferer is closer to the user which degrades the overall performance compared to our proposed scheme. It can be seen that, in this case, the outage probability is independent of the BS intensity and transmit power. That is because, the association is based on the highest signal received from any BS which means that the outage probability does not change when more BSs are deployed or the transmit power is increased while assuming the same path-loss exponent.
Note that the results presented in Corollaries 1, 2, and 3 are consistent with the previous results in [11] - [13] on multi-tier cellular networks. Furthermore, the same result in Corollary 3 can be obtained for the non-cooperative single-tier cellular case by substituting λ = λ 1 + λ 2 and assuming that both tiers are identical in powers (P i = P ) and path-loss exponents (α i = α), or simply substituting λ 2 = 0. This result is consistent with the previous results on single-tier networks in [23] .
C. Average Ergodic Rate
Based on the conditional outage probabilities defined in Theorem 1, we derive expressions of the ergodic rates for a typical user when it operates in different modes. The ergodic rate is measured in nats/sec/Hz where it represents the spectral efficiency of transmission to a user. Using the independence property used in (14) , the average ergodic rate for a user is given by
where R M , R P , and R C are the ergodic rate of a typical user given that it operates in the non-CoMP mode and served by a macro BS, in the non-CoMP mode and served by a pico BS, and in the CoMP mode, respectively, and the association probabilities are given in Lemma 1.
In the following theorem, we derive an expression for the ergodic rate of a randomly located CoMP user. Note that the rate of non-CoMP users, i.e., macro or pico users, can be obtained following the same procedure and the overall average ergodic rate for a user in the network can be obtained from (23) . The expressions for the ergodic rate of downlink transmission for the RE, FC, and Tr schemes follow the same procedure.
Theorem 2: The ergodic rate for a typical CoMP user is
where O C is given in (17) and [·] τ =f (t) means replacing each τ by f (t) for some function f : t → τ .
Proof:
The ergodic rate for a randomly located CoMP user is defined as
where the expectation is taken with respect to the distance between the user and its serving BSs. That is, the ergodic rate can be rewritten as
and by using the the definition of O C given in (43), we obtain the result in (24).
V. NUMERICAL RESULTS AND DISCUSSION
A. Performance Metrics and Values of System Parameters
In this section, we compare the proposed LA-CTC scheme with three schemes in the literature discussed in Section IV-B1-B3. The first scheme is the flexible cell association, which is referred to as Range Expansion (RE), where its overall outage probability is defined in (20) . In the second scheme, referred to as Full Cooperation (FC), each user in the network is served by two BSs. That is, each user is connected to one BS from each tier that results in the strongest average received power. The overall outage probability for this scheme O F C is given in Corollary 2. Finally, the third scheme is the traditional scheme (Tr) for a two-tier cellular network in which a typical user is served only by the strongest BS and no biasing is used (i.e., β = 0 dB). The overall outage probability for this scheme O T r is given in Corollary 3. The comparison is performed in terms of outage probability, spectral efficiency, and load per BS. While the first two metrics have been defined before, the load per BS is defined as the average number of users connected to a BS in any tier. Using the independence assumption between point processes of BSs and users, the load per BS for the four schemes can be obtained as given in Table I. For the numerical evaluation, the transmit powers of a macro BS and a pico BS are assumed to be 37 dBm and 20 dBm, respectively, while the thermal noise power σ BSs in the pico-tier is 5 times that of the macro-tier, i.e., λ 2 = 5(500 2 π) −1 and the intensity of users λ u = 10(500 2 π) −1 . For the evaluation of outage probability, the threshold τ is set to 0 dB.
B. Validation of Analysis
In Fig. 3 , we validate our analysis by comparing the overall outage probability (i.e., CCDF of SINR at τ ) for the LA-CTC scheme obtained from both the analysis (14) and simulation. Monte Carlo simulations via MATLAB are used where the simulation area is 10 km × 10 km and the results are averaged over 10 6 iterations. In each realization, the performance is evaluated for a typical user at the origin where the BSs are deployed according to two independent PPPs. It can be seen that the analytical results (see the expressions given in (14) and Theorem 1) match exactly with the simulation results for all SINR thresholds which reflects the accuracy of our analysis. Therefore, from now and on, we use the analytical expressions to evaluate the system performance. Fig. 4 shows the effect of varying both the path-loss exponents and the BS intensity on the overall outage probabilities for the LA-CTC and RE schemes. From this figure, it can be seen that the proposed LA-CTC scheme has two advantages over the RE scheme. Firstly, the overall outage probability for the LA-CTC scheme is better than that for RE scheme for all the different values of path-loss exponents. Furthermore, in some cases, e.g., when α 1 = α 2 , with the RE scheme, the outage probability deteriorates with increasing pico BS intensity, while with the LA-CTC scheme the outage probability improves under the same conditions. The proposed scheme outperforms the RE scheme since for a macro user it eliminates the highest interferer from the pico-tier when the highest received interference power is within a predefined range, i.e., (1/β)
C. Outage Probability
. Moreover, it uses this interfering BS as a cooperation partner along with the original serving macro BS to serve this user.
For the case when α 1 = α 2 , while using the RE scheme, increasing the pico BS intensity limits the effect of the thermal noise and the network operates in the interference-limited regime in which the inter-BS interference dominates the performance. Consequently, the outage probability remains constant when the pico BS intensity is high enough to cancel the effect of both the biasing and the thermal noise. On the hand, the outage probability for the LA-CTC scheme is improved for the same case (i.e., when α 1 = α 2 ), because the proposed scheme mitigates the highest interferer from the pico BS and also uses it as a serving transmitter. For the case when α 2 is higher than α 1 , the pico BSs become more isolated from the the macro BSs which, in turn, reduces the effect of interference and improves the overall outage probability for the LA-CTC and RE schemes. However, the improvement in outage due to the LA-CTC scheme is much higher than that due to the RE scheme because of the same reason mentioned in the previous case. Finally, in the case when α 2 is less than α 1 , the outage performance deteriorates for the two schemes. However, the proposed LA-CTC scheme limits the performance loss by using cooperation between the original serving BS and its highest interferer from the other tier to serve the user in CoMP mode. Fig. 5 depicts the effect of increasing the cooperation threshold (bias factor) β on the outage performance of each operation mode for the proposed scheme and the RE scheme. Since the outage probability of the offloaded users is added to the outage of the pico users in the RE scheme, for a fair comparison, in Fig. 5 we add the outage of CoMP users in the LA-CTC scheme to the pico users' outage as well (i.e., q P O P + q C O C ). In Fig. 5 , from the perspective of macro users, as the cooperation threshold (bias factor) increases, both schemes improve the outage performance compared to the Tr scheme (i.e., when β = 0 dB). This improvement is due to offloading macro users with poor SINR conditions to the pico-tier (in the RE scheme) or to the CoMP transmission mode (in the LA-CTC scheme). Although offloading users improves the outage of the macro-tier in the RE scheme, it degrades the outage of the picotier and the overall network as shown in Fig. 5 . This degradation in outage occurs because each offloaded user connects to a pico BS that does not result in the strongest received power; hence, the user's SINR deteriorates. On the other hand, in the LA-CTC scheme, CoMP users are served by both the BSs which boosts the SINR of these users and compensates for the loss incurred in the RE scheme. That is, the LA-CTC scheme provides a better outage for the CoMP users compared to the offloaded users in the RE scheme while maintaining the same macro-tier performance.
In Fig. 6 , it can be seen that the overall outage probability of the proposed scheme lies between those of the traditional and the full cooperation schemes. Furthermore, compared to the RE scheme, the proposed scheme significantly improves the overall outage probability of the system. As the cooperation threshold (bias factor) increases, more users are served via cooperation and the performance of the LA-CTC scheme approaches that of the FC scheme. When β → ∞, the gap between the two curves results from the outage of the non-CoMP pico users which is not affected by increasing the bias factor. On the other hand, the gap between the performance of the RE scheme and the Tr scheme increases when the bias factor increases. This is because, a higher β causes more users to be offloaded to the pico-tier and served with SINR less than 0 dB, hence, the overall outage probability deteriorates. That is, the LA-CTC scheme outperforms both the Tr scheme and the RE scheme in terms of overall outage probability while approaching the performance of the full cooperation scheme.
D. Spectral Efficiency
In terms of the overall average achievable rate, it can be seen in Fig. 7 that the LA-CTC scheme improves the performance of the network compared to the Tr scheme as the cooperation threshold increases. This result is consistent with that in Fig. 5 . By using CoMP transmission, the proposed scheme increases the SINR of users who receive high interference from the picotier, by increasing the useful signal power along with decreasing the interference power. On the other hand, as the bias factor increases, the overall average ergodic rate deteriorates with the RE scheme compared to both the Tr and LA-CTC schemes. This is also consistent with the results in Fig. 5 since the offloaded users have lower SINR compared to that they had before the offloading. As expected, the full cooperation scheme offers the highest achievable data rate, however, the data rate offered by the LA-CTC scheme approaches that of the full cooperation scheme when the value of the cooperation threshold is high enough.
In order to show the impact of using the different schemes on the rate of the legacy users, Fig. 8 compares the performance of the LA-CTC scheme to that of RE scheme in terms of the minimum average ergodic rate the network can provide to a user by any of its tiers. The minimum average user rate offered by a certain BS can be defined as the ratio of the average ergodic rate defined in Section IV-C to the number of users per this BS defined in Table I . For example, the minimum average rate offered by a macro BS to its users when adopting the LA-CTC scheme is obtained as
where the minimum rate offered by a pico BS is ((
Hence, the minimum average rate offered by the network for the LA-CTC scheme can be obtained as
Similarly, the minimum average user rate offered by the network for the RE scheme can be obtained by as
For the Tr scheme, the minimum rate is equal to that of RE scheme when β goes to 0, while for the FC scheme, it is equal to that of LA-CTC when β approaches infinity. It can be seen in Fig. 8 that, for the RE scheme, as the bias factor increases, the average user rate offered by the network improves up to a maximum point. After this point, the rate offered by pico BSs starts to limit the network performance due to the increase in the number of users per pico BS, hence, the minimum rate starts to degrade. This effect is less severe in the LA-CTC scheme as the increase in the number of users per pico BS due to the increase in the cooperation threshold is compensated by the improvement in the overall rate of the CoMP users offered by the network. That is, the minimum average user rate remains almost constant for high bias factor values. It can also be seen that the performance of the proposed scheme approaches the performance due to full cooperation when β is high enough. In addition, the minimum rate offered by each of the LA-CTC and RE schemes is better than that of the Tr scheme for all β > 0. Fig. 9 shows the impact of increasing the cooperation threshold (bias factor) on the average load per BS for the RE scheme, FC scheme, as well as the LA-CTC scheme. It can be seen that, as the bias factor increases, the RE scheme reduces the number of users per macro BS compared to the Tr scheme without biasing (i.e, when β = 0 dB), by offloading some of the macro users to the pico-tier based on the received powers at these users. On the other hand, the FC scheme increases the number of users per both macro BS and pico BS compared to the Tr scheme in a two-tier cellular network since it serves all users by using cooperation between BSs in the two tiers. Finally, it can be seen that the LA-CTC scheme keeps the same number of users per macro BS while increasing the number of users per pico BS when compared to the Tr scheme. This is due to the fact that the proposed scheme does not actually offload any users to a different tier. Instead, it changes the mode of operation of users with bad SINR conditions which are now served by the original macro BS along with the strongest interfering pico BS.
E. Average Load Per BS
The load per BS can reflect the amount of backhaul data exchange required by each scheme. For example, none of the Tr and RE schemes requires any users' data exchange between any two BSs over the backhaul links since all users are served by a single BS all the time. On the other hand, among the four schemes, the FC scheme requires the maximum amount of backhaul data exchange since it uses cooperation to serve all users. In our proposed scheme, the amount of backhaul data exchange lies between those of the Tr and RE, and FC schemes.
In order to compare the FC scheme with the proposed scheme, Fig. 10 shows the joint PDF of the distance of a CoMP user to serving BSs for both the schemes. It can be seen in Fig. 10(a) that the FC scheme serves all users by CoMP transmission regardless of their locations in the network. For the LA-CTC scheme, Fig. 10(b) and (c) show the effect of increasing the cooperation threshold on the area of cooperation region. With a higher cooperation threshold β, more users are included in the cooperation regions which, in turn, increases the amount of users' data exchange over the backhaul network. Compared to Fig. 10(a) , it can be seen that users with good SINR conditions, who are close to the serving BS and far from the strongest interferer, do not use CoMP transmission to save the resources of the backhaul network. Fig. 10(d) shows that the effect of cross-tier interference decreases when the path-loss exponent of the pico-tier is higher than that of the macro-tier, which isolates the pico cells. That is, CoMP transmission is limited to users who are very close to the pico BSs and thus the amount of required data exchanges is reduced.
VI. CONCLUSION
We have investigated the concept of cross-tier cooperation in two-tier cellular networks. We have proposed a novel locationaware cross-tier cooperation scheme that uses downlink CoMP transmission depending on the locations of the users and their nearest macro and pico BSs. Tools from stochastic geometry have been used to analyze the outage probability and average rate for the proposed scheme. The proposed scheme has been compared with three other schemes, namely, Traditional (Tr), Range Expansion (RE), and Full Cooperation (FC) schemes. The comparison has been performed in terms of outage probability, average ergodic rate, as well as load per BS. The results have shown that the proposed LA-CTC scheme outperforms both the range expansion and traditional schemes in terms of outage probability and average ergodic rate. However, this performance gain with the proposed scheme comes at the expense of the overhead due to the exchange of users' data between the two different BSs. In addition, the performance of the proposed scheme approaches that of the FC scheme for sufficiently high cooperation threshold. In this way, the LA-CTC scheme provides a tradeoff between the improved outage probability and the cost of cooperation between BSs in terms of load per BS which reflects the amount of users' data exchange over the backhaul network. As a future extension to this work, cooperation between co-tier BSs could be exploited to mitigate the effect of co-tier interference as well. In addition, further work is needed to take into account the effect of nonideal backhaul links on the performance gain of the proposed scheme.
APPENDIX A PROOF OF LEMMA 1 Firstly, we derive the probability for a typical user to operate in a certain mode. By definition,
and
Using (27) and (28) and following the proof of Lemma 1 in [12] with the proper changes, q M , q P , and q C can be obtained.
For the joint PDF f R C (r) of a typical CoMP user's distance to the cooperating macro BS and pico BS, we know for sure that if the distance to the macro BS is R 1 , the distance to the pico BS R 2 is bounded as follows:
as can be obtained from (2) when B = {x 1 , x 2 }. Therefore, the conditional probability of R 1 > r 1 and R 2 > r 2 given that the user operates in the CoMP mode can be written as
where (a) follows the bound on R 2 given in (29) and f R i (r) in (b) is the distribution of the distance to the nearest point in a homogeneous PPP Φ i ∈ R 2 which can be derived as follows:
Therefore,
After plugging (32) into (30), we use the resulting cumulative CDF (CCDF), i.e., P[R 1 > r 1 , R 2 > r 2 |B = {x 1 , x 2 }], to obtain the joint PDF f R C (r) of R 1 and R 2 of a user who operates in the CoMP mode as follows:
where A = (r 1 , r 2 ) : r 1 ≥ 0 and
For f R 1 (r), we use the event of R 1 > r given that the macro user operates in the non-CoMP mode, i.e., B = {x 1 }, where the probability of this event is given by
Then, we follow the same procedure by plugging (32) into (35) and taking the the derivative of the CDF, i.e., 1 − P[R 1 > r 1 |B = {x 1 }], with respect to r 1 . Hence, (35) reduces to (3) . Similarly, we can obtain the PDF of R 2 as in (4).
APPENDIX B PROOF OF THEOREM 1
Firstly, we derive the outage probability of a randomly located non-CoMP macro user. Using the definition of the outage probability in (13) 
in which
I i (i ∈ {1, 2}) is the total interference power received from the ith tier and f R 1 (r 1 ) is the PDF of distance given in Lemma 1.
After rewriting the SINR of the non-CoMP macro user, we can calculate the CCDF as follows: 
In the above, (e) follows because of the independence assumption between g 1,i 's, (f) follows because the moment generating function of an exponential random variable with parameter μ is μ/(μ − t), while (g) follows the probability generating functional of PPP. Now, let u α 1 = (sP instead of r 1 which was used to obtain the Laplace transform of I 1 . By combining (41) and (42) with (39) and then substituting in (36), we obtain (15) . The outage probability of a non-CoMP pico user can be easily obtained as in (16) by following the same procedure.
For a randomly located CoMP user, given that B = {x 1 , x 2 }, the outage probability is given by
where f R c (r) is the joint PDF of the distance to the nearest two BSs (one from each tier) to the typical user, i.e., x 1 and x 2 , given in Lemma 1. Then, we can rewrite the SINR in (11) 
Before calculating the CCDF of the SINR, we define a new variable θ i such that
Then, the CCDF of the SINR can be rewritten as
Since h i,0 s are i.i.d. and ∼ CN (0, 1), we obtain
which means that the CCDF of the SINR can be written as
where (g) follows the definition of the Laplace transform of I j . By following the same steps in deriving (40), we have
By combining (5), (47), and (48), and then substituting in (43), we obtain the outage probability of a randomly located CoMP user as given in (17) .
APPENDIX C F(y, α) SPECIAL CASES
The function F, given in (18) 
